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1. PRELIMINARIES AND INTRODUCTION

In this section we begin by some properties of Fourier transform. Let P be any real number, p=>1, and
L, (o0, +o0) the vector space of all complex valued functions f (X) of all real variable X , —00<X <+00, such

that f is lebesgue measurable, and

1
T »
(A Ulf(X)l”dxj <t (L)
We call the number ||f ||p the L, -norm of f .

Now if f (X)eL, (—oo<X <+) and «a any real number, we define the Fourier transform of f by:

f(a) = Tf(x)e‘“xdx. (1.2)

—00

And say that f " is the Fourier transform of f L, (—o0,+00) .We write symbolical
f=F[f] or f@)= F[fX)]

In the special case when f iseven, f (—x)=f (X) for all real values of X , (1. 2) take the form
f(x) = zj f (X) cos arx dx. (1.3)
[0}

If f isodd, f (—x) = —f (x) forall real values of X , (1. 3) take the form
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“if(a) = ZTf(x)sinaxdx . (14)

Now we give some basic properties of Fourier transform of functions in L, (—o0,+00) (see[1-8]).
A)If T (X)eL, (—oo<X <+00)  than f  is bounded on (—o0,+ o), since for
all real & , we have

() < T|f(x)|dx = || [, <+e0. (15)

—00

where ||f ||l denotes the L, -norm of f , so that

sup

—00<X<+00

f(a) <[f]<+. (16)
B)If f (X)eL,(—oo<X <+), than f (@) is continuous on (—o0,+), forif hisareal number,h #0, then

‘f(a+h)—f(a)‘ -

T[ f(x) pilarhx _ f(x)eiax}dx

T f (x) e“*(e™ —1) dx

—00

ST | f (X)| ‘eihx—l

—00

dx »>oash—o. (1.7)

and hence f is continuous at point & , Where —oo<a<+o0.
¢)The operator f — f s linear in the sense that

(C1f1+czf2) () = lel(a) + szz(a)

where C,, C, are complex numbersand f,,f,eL, (—o,+0).

D) Let h be a fixed real number, and f (X)L, (—oo<X <+o0). Then the Fourier transform of f (X +h), is the
translation of

f (x) by h, equals f (a)e ™" |

E) Let t be a fixed real number and f (X)eL,(—00<X <+0o0). Then the Fourier transform of f (x )e™ is
f (a+t).

F) Let A be a fixed real number, 4 #0,and f (X)L, (—o0<X <+00) . Then the Fourier transform of f (Ax ) is

G) If f denotes the complex conjugate of f and f e L, (—o0, +00), then the Fourier transform of f(x)is

f (—ax) since the complex conjugate of
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If_(x)eiaxdx equals f (—a).
HyIf f el (-, +w)and f, el (-, +o) forn=12,......... ,and
||fn —f ||1 — 0, as n — + oo, then we have
lim f (@) = f(a). (1.8)

uniformly for —co<a <+00. In effect, by (1.5) and (1.8), we have

sup |f @ - (@)] = |f,-f .
Niff,,f,el, (—o0,+0),then

[ LW .y = [ £y f(ndy. @9

which is called composition rule.
K) B. Muckenhoupt posed in [10], the problem of characterizing those non-negatives functions U and V ,which for

some p, 1< p < oo the inequality

T\f(x )| u(x ) scT|f )PV (x)dx

Holds for any f , and in [11] deal only with the case where either U =1 or v =1, finding that when v =1 ,
l<p<2,a

Necessary condition is that forany r >0

k =—o0 rk

K oo [T (k+1) bl
Z( j u(x)dx} <cr®?

where b = , and that a sufficient condition (v =1, 1< p) is that for any measurable set E , we have :

ju(x )dx <c|E|"".
E

Many authors studied this subject, for instance the reader should refer to [1-9].

2. THE MAIN RESULTS
In this section, we prove the main theorems

Theorem 2.1:
Let f (x)el,(—oo<Xx <+o) and X"f (Xx)el, (—oo<X <+o0), 20where M is a positive integer. Then

f («) is a continuously differentiable M times for —c0<X <+ 00, and we have

+00

(fA)(m)(a) = [ aO™ (x) Je'dx .

—0

So that
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(fA)“") (a)‘ < T\(ix)m)f (x| .

—00

Proof:
We are going to use induction on M , we assume that the result is true forall N suchthat 1< n <m .

Consider the function

F‘(a)=(f)(”)(a) - TF(X) erdx. (2.1)

—00

And also

F.(x) = F(x)[eihx ‘lJ

h

for hrealand h # 0 . Then

F(a+h) - F(a)

F(a) = h

(2.2)

Now

) ) eihX_l
Ihlgth(x):leF(x)[ ™ J

] eihx_l

=ixF (X). (2.3)

So F,(x) — ix F(x) point wisely, for almosteveryX ,as h — O and

R 00l = F(x)[emxh‘lj

< |F(x)|eihxh_1‘. (2.4)
Note that
eihxh_l < |- (2.5)

Let M (t) = e"™ —1. By applying Mean-Value theoremon M (t) , Vt € [0,1],We have

. ) eiht _1
M) = ihe™ =S =
Then
aitt _ o
= ‘lxeIXt < |x|
X

We drive from (2.4) and by hypothesis that
IF, ()] < [X]|F(X)| € L, (—0,+)
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Hence
IR, 00 —ixF() | < [R(X) | + [ixF(x)]
< 2|X|F(X)| & L (=00, +0)
By Riemann-Lebesgu's Theorem on dominated convergence, we have

F,(x) — ixXF(x)inthe L, — norm, that is
|F, — ixF|] - 0as h—0.

By property (g) we get

F.(x) - [ (ixF () dx.

Uniformly convergent.

The last integral is a bounded continuous function of & , -0 < @ < +0.

Now
imF, (@) = Lmﬁ(mhg—ﬁ(a)
=((F)@)
(7))
- (fA)(M) (@).
@ = ()@
Hence

this shows that the result is true for any positive integer m .

Therefore
" @) = [((x)™F (x))e'*dx .
- |
However
A" @ = [[ (0™ (x))eax
|- |

eia:x dX

< T\(ix)m) f(x)|

< T\(ix)m f ()| dx.

Hence the proofis complete. m

Novelty Journals
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Theorem 2.2:

Let f (X)eL,(—oo<x <+o), f iscontinuously differentiable m times and

fO(x)el, (—oo<x<+w), for 0 <r<m.

Then

(f <”‘>)A (@) = (Ha)"f(a)
so that

‘amfA(a)‘ < T\f““)(x)\dx.

Proof :

First, we calculate the formula J. f (x)e"“*dx .

—00

Let & be real number, For R>0, ¢ # 0, we have

_ff(x)e““dx :{f(x) Ei} —T e ¢ (x)dx

i a |, R la

Now f (X)) tends to finite limitsas X —> o0, then
f (x)— f(0) =jf'(x)dx and f'e L, (—o0,+).
0

So that

f(too) = f(0)+ T f'(t) dt. (2.6)

-R

But f (£o) = 0, hence letting R — +00 in (2.1), we have

[fe=dx =— [ = f(dxa=0. (27)
< Y ia

By the same argument, we have

_f f(x)e“*dx = (-1)" I % f™M(x)dx a = 0.

—0

(2.8)

this implies that

(i) f(a) = (f <m>)A(a) for a 0.
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This holds also for & = 0 by continuity (since the left hand side is zero and the right side is
[ £™0)dx =0).

Now

‘(—ix)m f (a)‘ \am f (a)‘ < f ™ (x)|d

< Hf(m)

| <+ (2.9)

By Riemann-Lebesgue lemma (which says that the Fourier transform of f tends to 0 as z tends to infinity) and by (2.9)
also f is an arbitrary measurable function, and since f ™ e L, (—o0,) , we conclude that

1

|m

f(a) =0

as |a| > +w.
a

Hence the proof is complete. m
Theorem 2.3 :

400

if f e L, (—o0,) , then the integral > J. f (a)e " “d a defines a continuous function of X .
T —o0

Proof :
Let

1 N ~ —iax
f(x)=z_£f(a)e da |
then consider
17 ; —iax [ —iah
f(x+h)—f(a)=Z_J; f(a)e ™ [e ™" -1]da

|f (x+h)— f ()] =

ij: f@)e ™ [e™ ~1]da
1%, i

< ! ‘f(a)[e h—l]‘da.

But
‘fA(a)‘ e 1] < Z‘fA(a)‘ e L, (—o0,+00),
and

‘fA(a)‘ e -1 — 0as h 0.

Foralmostall & € L, (—o0,+0). It follows from Riemann-Lebesgue,s Theorem on dominated convergence that
—+00 n .
[ ‘f (a)He"““ ~llda—0 a h -0,
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and hence f is continuous function at the point X , where X € (—o0,+ ) . Hence the proof is complete. m
Remark 2.4:
We indicate that if f (X)el, (—oo<X <+o0), it dose note necessary that the Fourier transform f (o) belongs to
L, (—o0 < < +o), we can see in the following example:
Taking
1, for |x|<1
f(x)=
0, for|x|>1
Itis clearly that f (X)eL, (—oo<X <+00), butfor & anyreal, —co<@<+o0 , we have

f () :T f (x)e'“dx
"
_[ e' ™ dx

-1

+1
= ZJ' cosax dx
o]

sinax |
=2
a x=0
sina
=2 —.
a

Note that here f () ¢ L, (—o<a<+x).
Definition 2.1 :
We say that f :X —Y has a compact support, if f vanishes outside some compact subset of X, where X,Y are

topological spaces.
Now apply [12] and theorem 2.1, we have the following theorem.

Theorem 2.4 :
Let f hasacompact support in C , and define

vxeC : F(a)= jf (a)e' ™ dx ,

then F (&) is analytic in C .
Proof:

Firstly we prove that F («) defines a continuous function. Suppose that

SeR‘ga‘, so that if h — 0, then

suppf <[-R,R].Then VX esuppf ,we have ‘eiax
IF(z+h)-F(a)|= jeiax €' —Df (x)dx
and note that, for small |h| ,
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e (e —1) f (x)| < (R|h]) e"F4 | f (x)] > Oso

e’ " —Df (x)|<(R|he" | (x)]

which is integrable and so the dominated convergence theorem tells us that F is continuous.
We now claim that F is analytic. For this let

g(a)= T (ix )e'*f (x )dx .

Note that ¢ makes sense because f has compact support .To show that F is analytic

F h)-F(a)-
| (a+h) (a) 9(0!)|=07 Vaell  let ae€l],and

we only need to show that lim
[h|—>0

h|
|F(a+h)—F(a)-9(a)
h
consider | | . Note that for
_1 T (e™ —1—ihx)e'*h(x)dx
|h| —00
‘e‘“h —1—ihx‘

|X | <R, we have -0, as|h| — 0, because iX is the derivative of

h|
e'™ at @ =0. Moreover,
1

€' —1—ihx)e'™f (x)
h|

<ce " f (x)|

IF(a+h)-F(a)-9g(a)|

— 0.
h|

which is integrable, and so the D.C.T tells us that, in fact

Hence the proof is complete. m
Now, we give some propriety in Schwartz's space S using the main result.
3. THE SPACE S OF L.SCHWARTZ
We denote by S the Schwartz's space of all complex-valued functions f (X ) of real variable X , —00 < X < 400, such
that f is differentiable infinitely often, and for any integers p, q,
xPf @(x) >0 as [x| >0,
where f @ denoting the " derivative of f . More details may be found in [13—17].

Proposition 3.1 :

@ 1f f €S(R),then x'f ™ (x) is bounded, and belongs to L, (R), for any integers |,m > 0.
(m)

(2) 1f f €5, then (X Of (x )) " s bounded, and belongs to L, (R, for any integers I, m > 0.

Proof:
1) let f € S, then foranyintegers I, m >0, thereis M,>0 and M >0 such that
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‘x'f (m)‘ <M, <+w. (31

and

X" W[ <M, <+, (32)
From (3.1) and (3.2), we have

M

‘le (m)(X)‘ < T

e L,(R).

2) This follows from (1), if we just use the rule for the differentiation of a product. Hence the proof is complete. m
Theorem 3.2:If f (x)e S (R), then the Fourier transform fA(a) belongs

to S (—00 <X < +0).

Proof Let f (x)e'S (R), thenby (1) of proposition president we have X'f (x) e L, (R), forany integer |>0,
so that by theorem 2.1

f (@) is differentiable infinitely often.

On the other hand, for | and m are positive integers, then by theorem 2.1, we have

()" (@ = T[(ix)“)f(x)]e‘“xdx, (3.3)

and by theorem 2.2, we have

a" ( 1?)(l) (a)‘
< T{(ix)") f0) "dx. (3.4)

(m)
Since (X Wf (x )) " e L, (R), from (3.4) and by Riemann Lebeague Theorem, we conclude that

1

o

‘(f)m(“)‘ =0 ,as |a| > 0. (35).

Hence the proof is complete. m

Proposition 3.2 : Let ®(x)eS(R)and f €L,(R)issuchthat X f (x) €L,(R), and the Fourier transform is such
that (&) eL,(R),then 3g €L,(R) such that

Djf (x)(:—X<D(x)+x<D(x ))dx =[jg (X )D(x )dx
Proof : since xf (x)eL,(R) is given, we only need to find 3Jg,eL,(R)satisfying
if (x)[dd—xd)(x)jdx =£g1(x )O(x )dx, V@ €S (R) and then
g =g, +x f (X) will solve the problem. If we set ® =7, as we can with i € S (R') uniquely determined,
then S —i £y/(£) 50
dx
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jf (x)[;—xwx)jdx =i jgyf(x)dx
=i [t ()&p(H)d¢
=[Oy ()d ¢

= [ 9,0 )®(x dx

where by definition g, € L,(R) is the function with Fourier transform equal to i1 Sy (&) in L,(R) by assumption.
Hence the proof is complete. m

Proposition 3.3: There exist an element f €S (R) with J.|f |2 dx =1, and
R
[x*f (x)dx =0, k.
R
Proof: If f €S (R), then it's Fourier transform is Schwartz and conversely. We also know that
d k
d &

Thus we just have to arrange that fA and all it's derivatives vanish at the origin. We do know that there is a non-trivial
Schwartz function which vanishes outside the interval [1, 2] for instance. Taking this at the Fourier transform of cf and

f(0) = (~i )ijkf (x )dx .

when choosing the positive constant so that ||f ||L =1, we get that
2

jxkf (x)dx =0, VK.

R

Hence the proof is complete. m
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